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Abstract 



\l ' The classical limit of the scaled elliptic algebra An,-q(5{2) is investigated. The limiting Lie algebra 

^— ^ ' is described in two equivalent ways: as a central extension of the algebra of generalized automorphic 

^0 . 5^2 valued functions on a strip and as an extended algebra of decreasing automorphic SI2 valued 

' functions on the real line. A bialgebra structure and an infinite-dimensional representation in the 

. Fock space are studied. The classical limit of elliptic algebra -4q,p(sl2) is also briefly presented. 

'. 1 Introduction 



The elliptic algebra Aq^p{5i2) has been introduced in the paper [FIJKMY|. Its definition was induced 
^ ' mostly by the bosonization formulas for massive integrable field theories, proposed in Q. Then it was 



. shown in |JKM that in the framework of the representation theory of the algebra An.rii^h) which is a 



^ \ scaling limit of the algbera Aq^p{sl2) one can obtain integral representations for the correlation functions 

in the XXZ-modeX in massless regime. 

The structure of the algebra Ah,ri{5^2) is rather unusual. For its precise definition one should introduce 
a continuous family of generators being Fourier harmonics of the Gauss coordinates of the L-operator. 
The elements of the algebra are formal integrals over the generators with certain conditions on analyticity 
and on asymptotics of the coefficients. Next, both algebras Aq^p{s\2) and Ah,r){5{2) are not Hopf algebras 
but form a Hopf family of algebras (see section 4) and even at level c = when these algebras become 
usual Hopf algebras, they do not have the structure of a double which can be reconstructed either in the 
Yangian limit ry ^ from Ah.ri{5i2) or in the quantum affine limit [p 0) of Aq.p{B[2)- We are interested 
in corresponding properties of the limiting (with respect to An,r](5\2)) classical algebra a,,(s[2) which we 
consider in details. We observe also the elliptic case and the rational degeneration of Lie algebra a,,(s[2). 

The limiting algebra 0^(512) can be described in two ways. First, it can be realized as a central 
extension of the algebra of automorphic s^2-valued generalized functions on a strip. The cocycle is given 
by an integral of a form which includes derivatives over the period (over the elliptic nome in case of 
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ap(s[2)) instea d of derivatives over spectral parameter. These algebras are isomorphic for different strips. 
In contrast to [RS| and 0, there are natural isotropic subalgebras only in the limit 77 ^ (p — > in case 



of ap(s[2)). Nevertheless at c = we have Lie bialgebra which includes according to Sokhotsky formulas 
the usual currents on the line (on the circle in case of 0^(512)). 

On the other hand, we can describe the Lie algebra a,,(s[2) in terms of Fourier harmonics of the 
generating functions for a,,(s[2). This language is a variant of the usual description of a current algebra 
in terms of Fourier modes for the case of vanishing at infinity currents on the real line. The structural 
constants of the algebras ap(s[2) or 0^(5(2) become standard (do not depend on p or rj) in terms of Fourier 
components of the generating functions, but the cobracket has a nontrivial form. 

We would like to emphasize the ideology for the description of the algebra a^(s[2) which we keep 
throughout the paper. The algebra 0^(5(2) cannot be described in terms of a discrete basis like Taylor 
coefficients of the analytical functions. In order to define an analog of a basis we are forced to use the 
language of Fourier harmonics on an open line. Since we get in this way continuously many generators we 
should specify which integrals over them belong to the algebra. Equivalcntly, we fix a region for a spectral 
parameter where the generating functions are meromorphic. In representation theory it means that their 
matrix coefficients remain meromorphic in this region. Then we define an analytical continuation of the 
generating functions to larger domains of the spectral parameter. For the definition of this analytical 
continuation, as well as for the definition of the central extension, we need the language of generalized 
function on a strip. Our construction of the algebra 0^(5(2) includes essentially all this stuff. 



The ideology has been borrowed from |KLP| and the main motivation of writing this paper was to 
clarify this ideology. We also present an example of an infinite-dimensional representation of the algebra 
a,,(s[2) in the Fock space. One can see that this representation requires a description which differs from 
the usual construction of the integrable representations of 5^2 • 

2 The Lie Algebra Cl,y(s[2) of the Generahzed Automorphic 
Functions on a Strip 

2.1 The algebra a°(5[2) and its central extension 

Let e, f,h be standard generators of Lie algebra s^: 

[Ke]=2e, [/»,/] = -2/, [e, f] = h , 

and ?7 = 1/^ G M be a positive real parameter. Consider the meromorphic s[2-valued functions of z G C 
with the period 2i/r] which satisfy the following asymptotical and automorphic conditions: 

(i) e(z) ^ -e{z + i/ij), f{z) = -f{z + i/ij), h{z) = h{z + i / 1]) , 

(ll) \e{x + iy)\ < Ce-""!"!, \f{x + iy)\ < Ce"""!"!, \hix + iy)\ < C. 

X — ^±CXD X — >±Ctt X — >±Ctt 

One can verify that the functions 

, N cth"7rr7(z — a) „ ^ , n 

e z) = eO— I '-r r^, n>0, aGC, (2.1) 

sh7r?7(z — a) 

„, , „ cth"7r77(z — 6) „ , ^ , X 

/(^) = T^-TT' "^0' ^^^^ (2-2) 

sh7r?7(z — b) 

h{z) = /i (g)cth"7r?7 (z-c), n > 0, cgC (2.3) 
satisfy the conditions (i) and (ll.) and their finite linear combinations form a Lie algebra denoted by 
&°(^)- _ 

The algebra a^j(s[2) can be described by means of the generating functions depending on the generating 
parameter u: 

e^(u) = e®— -, hjj{u) = h(E)iTrr]cthTn]{z~u), f^(u) ^ f ® — -, (2.4) 

sh7r?7(z — u) sh7r?7(z — m) 
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which satisfy the commutation relations 

[hr,{ui),ejj{u2)] = 2iTTricthTn]{ui - U2)ejj{u2) -e^(Mi) , (2.5) 

sn7r77(ui — U2) 

[/i>)(wi),/»7('"2)] = -2l7r77Cth7r77(ui - M2)/r,(M2) + -T 7 r/r;("i), (2-6) 

sn7r?7(7ii — 7i2) 

[e^("l),A(^*2)] = sh7r7y(ui - M^) V"^^^^^ ~ ^''("2)] • (2.7) 

The Lie algebras d5J(5l2) arc isomorphic for different (finite) values of parameter r\. An isomorphism 

T,,v :a,",(sr2)^a5;,(sb) (2.8) 

comes from the gauge transformation 

a(u) -> Aa(Au) . (2.9) 



In terms of generating functions (2^) the isomorphism (|2.8| ) looks as follows: 

g ,(-«) = —e,, ( —u) , h^' {u) = —h,J —u] , frj'{u) ^—f,A—u] . (2-10) 

Let n+ C C be a strip —l/i] < Imz < 0. In the sequel we need an interpretation of the elements 
of the algebra o°(5l2) as of generahzed s[2-valued function on the strip 11+. This description reads as 
follows. Let K be the space of basic functions s{z) analytical in a strip n"*", continuous in the closure 
of n+ and decreasing in the closed strip 11 faster than some exponential function: 

\s{x + iy)\ < Ce-"l^l , a > . 

X — >±c« 



We treate s/2-valued functions (p.l|)-(2.3) as s^2-valued functionals on the space K and denote them 
by e+(z), ft,+ (z), /+(z). A pairing (a+,s) e SI2, a. G a5J(s[2), s e K is defined as 

dx a{x)s{x) . (2.11) 

Let us denote the described space of generalized functions as a°(s[2). It inherits the structure of Lie 

algebra a^(s[2). As before, we compose the distributions into generating functions which we denote now 
by e+(u),h+(u), and /+(u): 

e+(M) = e(g)- -, h+{u) ^ hi»iTTr]cthmj{z - u), f+{u) = f(»- -. (2.12) 

snTTrjlz ~ u) snirrilz — u) 



An index + reminds now that the contour of integration in the pairing (2.11) lies above the pole u. For 
a fixed u e 11+ these generating functions are distributions from the space a°(s[2). 
The algebra o°(bI2) is a Lie bialgebra. The cobracket 6 is given by the relations 

6{e+{u)) = h+(u) Ae+{u) , 
6{f+{u)) = f+{u)Ah+{u), 

S{h+{u)) = 2e+(w) A/+(u) . (2.13) 
The algebra a°(s[2) possesses an invariant scalar product ( , ): 

{e+{ui)J+iu2)) ^ ^^'("1 {h^(u^),h+{u2))=2^^^{u^-U2)c\hl^^{ux-U2) . (2.14) 

sh7r77(ui — U2) 
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Note that this scalar product differs from the one used in |RS|. We will specify below the subalgebras of 
a°(s[2) which become isotropic in the rational hmit 77 — > 0. 

The Lie algebra a°(s[2) of generalized automorphic s[2-valued functions on the strip admits a central 
extension. It can be defined by a "strange" cocycle 

B{x®^{z),y®i,{z))^^ [ dz(^^^{z)-i;{z)^) {x,y) , (2.15) 

47r Jan \ drj drj J 



where ( , ) is the Killing form, x,y G s^. The integration in (2.15) goes anticlockwise along the boundary 
dH of the strip IT which consists of the real axis and of the line Imz = —l/rj. The commutation relations 
of the extended algebra 0^(5(2) are {u = ui — U2) 

[h+{ui),e+{u2)] = 2z7r77Cth(7r?7u)e+(u2) -, e+{ui) , 

stnrrju 

'2,'l'KTj 

[h+{ui)J+{u2)] = -2i7r?7cth(7r?7u)/+(ii2) + -r f+{ui) , 

sh nrju 



[e+{ui)J+iu2)] = -r {h+{ui) - h+{u2)) + icTTif 



/ irrju ch iTrju 



sh Tirju \ sh TTTju sh nrju 

I 7T7JU \ 

[/i+(ui), /i+(m2)] = 2zc7r77^ — g cthTTiju] . (2-16) 

\sh nrju J 



Unfortunately, we do not know how to extend the Lie coalgebra structure (2.13) from the algebra a°(sl2) 

to its central extensioii a„(s[2). We return to this point later in section 4. 

The isomorphism ( |2.8|) induced by the gauge transformation (|2.9| ) has a natural prolongation to the 
central extended algebra a,,(s[2). It preserves the pairing ( 2.14 ) and multiply the cobracket S : a°(sl2) 

a°(5l2) 'S) a"(s[2) by a factor 77/77'. So we have actually the unique algebraic structure realized in different 
spaces of distributions. 

2.2 The analytical continuation and the Sokhotsky's formulas 

For a periodic function (over variable z) of the type 

a[u) = e — or a(u) — h (E> nrrj cthTrri(z — u) or a(u) = j <^ 



sh 7777(2 — u) sh7r77(z — u) 

let us denote by a_(u) the distribution whose value on a basic function s{z) G K is given by the integral 

dz a{z)s{z) 

where the contour F is a line parallel to the real line such that the pole u is the first pole of a{z) located 
above the contour F. Then for u G 11^ = {0 < Imz < I/77} we have by definition 

e_(u) = -e+(u - i/77), h^{u) = h+{u~i/i]), /_(u) = -/+(u - i/??) • (2.17) 

The distributions (over the variable z) e±(u), f±{u) and h±{u) admit analytical continuations over the 
parameter u. For instance, the analytical continuation of e_{u), f^{u) and of h_{u) to the region of 
parameter u e II"*" are the distributions of the type a_(z) defined as 

dz a{z) s{z) . 

-2/77—00 

Due to the relations ( ^.17 ) this analytical continuat ion p reserves the structure of Lie algebra. The 
analytical continuation of the commutation relations ( ^.16 ) yields: 

Z7r77 

[e±(ui),/±(w2)] = -r -f ^{h±{ui) - h±{u2)) + B{e±{ui)J±{u2)) ■ c , 

sh TTri[ui — U2) 
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[h±{ui),h±{u2)] = B{h±{ui),h±{u2)) ■ c , 

[h±{ui),e±{u2)] = 2i7r77cth7rr/(ui - M2)e±(u2) -. re±(Mi) , 

sn7r?7(ui — U2) 

[h±{u{),f±{u2)] = -2i7r77Cth7r77(ui - M2)/±(m2) + -r ; r/±('«i) , 

sn7rr/(ui — U2) 

[e±{ui),f^{u2)] = sh7r?7(m - U2) ^^^'-"^^ ~ h±{u2)) + B{e±{ui)J^{u2)) ■ c , 
[/i±(mi),/i=p(m2)] = B{h±{ui),h±{u2)) ■ c , 

[h±{ui),e^{u2)] = 2i7r77Cth7rr/(ui - M2)ezp(u2) re±(Mi) , 

sn7r77(wi — U2) 

f±{ui) , (2.18) 



where (w = ui — U2) 

B{e±{ui), f±{u2)) = i-mf 



f ■nrju ch irrju 1 



-B(e±(Mi),/:^(u2)) = iTirj 



sh^ 7r?7u sh irriu 

I 7TTJU \ 

B{h±{ui), h±{u2)) ~ 2iTTri^ \ — ^ cthTrryw I , 

V sh TTTjU J 

B{h±{ui),h^{u2)) = 2zV f^^^^^^^^-cthTTTyu) . 

V sh 7rr/u / 



V sh^ TTTjU sh Tnju 
T:r]{u ± i/rj) chnrju 
sh^ 
TTrju 

, Sh^ TTTjU 



The pahmg ( 2.14 ) also admits an analytical continuation: 

/ / w / ^\ TTrf{ui - U2±i/r]) 
{e±{ui),f^{u2)) = — , 

SnTTTj[Ul — U2) 

{h±{ui),h^{u2)) = 2TTrf{ui-U2±i/7])cthTT7]{ui-U2)- (2-19) 

The definition of the distributions e±{u), f±{u), h±{u) gives possibility to apply Sokhotsky's formulas. 
They can be written as follows: 

e{u) = e+{u) - e.{u) , f{u) = f+(u)-f.[u), h{u) ^ h+{u) - h_{u) , (2.20) 

where 

e{u) = 27re ® 5{u) , f{u) = 27r/ ® 5{u) , h(u) = 27r/i ® 5{u) . (2.21) 
On the other hand, we also have the relations 



r± 



sh 7777(2 — u) ' 



/±(w) = ^ dz 



2 sh7r7](z — w) ' 

h±{u) = — / /i(z) cth7rr;(z - u) , (2.22) 
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where the countor r+ is a line parallel to the real axis and lying above the point u and r_ is also a line 
parallel to the real axis but the point u is above it. 

The relations ( 2.2C )-( 2.22 ) show that the algebra of formal SI2 valued currents on the line is embedded 
into the analytical continuation of the Lie algebra 0^(5(2): 
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[h{u),e{v)] = 2S{u-v)e{v) , 

[hiu)Jiv)] = -25iu^v)fiv) , 

[e{u),f{v)] = S{u — v)h{v) + c ■ S' {u — v) , 

[h{u),h{v)] = 2c-S'{u-v). (2.23) 

3 The Lie Algebra CLjj{5i2) in Terms of Fourier Harmonics 

Let e\, fx and f\, A G R be the symbols satisfying the following relations 

[/iA,ep] = 2ex+fj. , 

fi_i] = -'^fx+fi , 
[e\,ff,] = hx+^, + c ■ X5{X + fi) , 

[hx,h^] = 2c-X6iX + fi). (3.1) 
Let o,, be a vector space which consists of the expressions of the type 



where (7(A), g'{X), g"{X) are quasi-polynomials 

5(A)=^P,(A)e'^-^ g'(A)=^Q,(A)e^^«^ ^"(A) - J] i?,(A)e^^"^ , (3.3) 
i j j 

Uj e n+ and Pj{X), Qj{X), RijX) are polynomials. 

We state that the brackets (3.1) define a Lie algebra structure on the space a,, which is isomorphic to 

0^(5(2). 

The isomorphism can be established in the following way. We realize the symbols e\, f\ and h\ as the 
following functional on the space K of basic functions s{z): 

/oc 

dzs{z)e~'^' , (3.4) 
-00 

/OO 

dzsiz)e-'^\ (3.5) 
-00 

(fixJiz)) = h® dzs{z)e-'^' . (3.6) 



Then the expr essio n s (|3.2| ) are in a one-to-one c orre sp ond ence with distributions from a,,(s[2) defined 
by the functions (2.1)-(^3|). Since both brackets (|2.5| )-(p?^) and ( ^.l[ ) for c — are pointwise brackets 
of 5^ 2 valued functions, they coincide for c — 0. One can easily check that the cocycles in ( 2.16 ) and in 
(3.1) also coincide. 

In the language of Fourier harmonics we can define a natural extension of the algebra 0^(5(2). This 
extension consists of the following expressions 

/OO /•oc 
dX hg'W, f dX hx~g"{X) , (3.7) 
-00 J —00 

where these functions satisfy the following conditions: 

g{X) and ^'(A) are analytical in the strip — Trvy < Im(A) < irr] , 
g"{fi) is analytical in the strip — 27rr/ < Im/i < 27rr/ , 
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except the point /i = where the function g"{fi) has a simple pole. Besides, the functions g(A), .g'(A), 
g"{X) should decrease faster than some exponent when ReA — > ±00: 

5(A) < C7e-"l^<=^l , g'iX) < Ce-''l^<=^l , g"(A) < Cc-tI^'^^I 

for some a, 7 > 0. 

This extended algebra is well-defined and the arguments are the same as in [KLP|. We do not reserve 
any special notation for the extended algebra. It plays the same role as Or)(s[2)- 

All the structures of the Li e alge bra a,,(s[2) can be reformulated in the language of Fourier harmonics. 
The invariant scalar product (2.14) now looks standard: 



and the cobracket for level algebra a°(5[2) is: 

dr hr A CA-T (cth t/2t] + th (A - r) /2r]) 



(3.8) 



Se, = -- 



Sfx - - 
6hx = - 



dr /a-t a hr (cth T/2r] + th (A - r) 7277) , 

00 

dr Cr A /a-t (thr/2r7 + th (A - T)/2ri) . 



(3.9) 



The generating fun ctio ns e± {u), f±{u) a nd h ±{u) are treated now as generating integrals for e\,fx,hx. 
As it follows from (Q^dJ) and from (|t|), 



e±{u) = ± 
f±iu) = ± 
h±iu) = ± 



dX e'^" 



dX e 



iXu 



dX e 



iXu 



ex 


1 - 






fx 


1 - 


f e±^/'' 




hx 



1 - e±^/') 

and the currents e(u), f{u) and h{u) are total Fourier images of ex, fx, hx: 



e{u) 



dX caC 



iXu 



f{u) 



dX /aC*^", h{u) 



dX h\e 



iXu 



(3.10) 



(3.11) 



4 The Representation Theory 

As we already mentioned in Introduction the matrix elements of the generating functions h^{u), e^{u), 
f+{u) become the meromorphic functions in the representations of the algebra a,,(s[2). Let us define 



representations of this algebra in the description given by (3.7). Assign to each element defined by (3.7) 
for example, dXg{X)ex the operator valued function: 



e{u) = / dXg{X)exe 



iXu 



We will say that a representation of the algebra a,, (5(2) is well-defined if the operator valued function 
e(u) becomes a meromorphic function in the variable u € <C in some neighbourhood of zero. 
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4.1 Representation of the algebra Cln,c{si2) at the level 1 

The goal of this subsection is to construct an infinite-dimentional representation of the algebra a^,c(s[2) 
at level c — 1. For a description of this representation we need a definition of the Fock space generated 



Let ax, A G R, A 7^ be free bosons which satisfy the commutation relations 

[ax,af,] = a{X)S{X + n) , a(A) . 
We define a (right) Fock space HaiX) as follows. Ha^x) is generated as a vector space by the expressions 



^.0 

/i(Ai)aAiCfAi . . . / f,i{Xn)ax„d\n |vac) , 
where the functions fi{X) satisfy the condition 

for e > and /i(A) are analytical functions in a neighbourhood of R+ except A = 0, where they have a 
simple pole. 

The left Fock space T^aix) generated by the expressions 

/•+00 r+oc 

(vac| / 5ii(Ai)aAidAi . . . / g„(A„)aA„(iA„ , 
Jo Jo 

where the functions gi{X) satisfy the conditions 

5i(A) < Ce"'^, A +00 , 

and gi(t) are analytical functions in a neighbourhood of M_ except A = 0, where they also have a simple 
pole. 

The pairing (, ) : T^*!^^^ 'Ha(x) — > C is uniquely defined by the following prescriptions: 
(i) ((vac|, |vac)) = 1 , 

{ii) ((vac| dX g{X)ax , f d^x f{^^)a^ |vac)) = ^ ^^^^^5(A)/(-A)a(A) , 

(Hi) the Wick theorem 
and contour C shown on the Fig. 1. 



• +00 



Fig. 1. 

Let the vacuums (vac| and |vac) satisfy the conditions 

OA I vac) =0, A > 0, (vac|aA = 0, A < , 

and /(A) be a function analytical in some neighbourhood of the real line with possible simple pole at 
A = and which has the following asymptotical behaviour: 

/(A) < e-<^l*l, A ^±00 

for some e > 0. Then, by definition, an operator 



F = :exp(^J dXfiX)axy. 



acts on the right Fock space 'Ha(X) as foUows. F = F^Fj^, where 

F^ = exp (^j dX f{X)ax^ and F+ = hm e"^(')°= exp (^J^ dX /(A)aA^ . 

An action of operator F on the left Fock space 'H'^^-^-^ is defined via another decomposition: F — F-F^, 
where ^ 

F+ = exp (^J^ dX /(A)aA^ and F^ = hm e^/(-^)''-« exp ( [ dX f{X)ax 
These definitions imply that the defined above actions of the operator 

F =: exp / dX f{X)ax 



on the Fock spaces 7ia(A) and are adjoint and the product of normally ordered operators satisfy 

the property [JKM 



: exp 



exp 



dXgi{X)axj: ■ :exp|^y d^j.g2{fi)a^ 
dX In(-A) 

2TTi 



a(A)(7i(A).g2(-A) :exp / dA ((71(A) + (72(A)) oa 



(4.1) 



Proposition. The generating functions (4^) satisfy the commutation relations ( 2.18| ) and define a highest 
weight, level 1 representation of the algebra a^^c(s[2)- 



e±[u) 



ir]e ' 



irje ' 



dz 



r± 



sh7r77(z — u) 



: exp 



dX 



„jAz 2aA 



dz 



h±{u) = ± j 



sh7r?7(z — u) 
Xu 2aA 



: exp 



dX e 



iA2 2aA 



(4.2) 



e 



The contours r± in (^j) are the same as in (2.22) and 7 is Eulcr constant. The action of the total 
currents e(u), f{u) and h{u) has a simple form 



e(M) = e^:expM dA e'^"-^ 

P-OO 

h{u) = 2 / dX aAe*^" 



/(u) = e'^: exp ( - / dX e'-^"-^ 



5 The Algebra An,i]{5i2) and its Classical Limit 
5.1 The definition of Ah,rj{5i2) 



The algebra Ah,Ti{5l2) is a scaling limit of the elliptic algebra Aq^p{sl2) [FIJKMY| ai p,q 1. This 



algebra has been investigated in [ KLP |. Ah,r-i{sl2) is generated by the central element c and by certain 
integrals over Fourier harmonics e\,fx,hx for c = and ex,fx,ix for c ^ (see KLF| ]) of the matrix 
elements of the L-operator L^{u, 77) or its analytical continuation {u, rf): 



L {u,r]) ^azL+ {u-i{l/r/ + hc/2),ri)az 



(5.1) 
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Operator L'^{u,r]) satisfies the relations 



where 



q-detL(u, ij) — 1 , 
V 



(5.2) 



V 



ch>o 



1 + rjch 

The last inequality means that in the representations the central element c is equal to some number c 
such that he > 0. The _R-matrix in ( ^.2D reads as 

R{u,ri) 



g{u,r]) 

Rp{u,r]) 
b{u,T]) 



T+{u)R{u,7]), R{u,i]) Q{u,r])R{u,rj) , 

/I \ 

b{u, rj) c{u, rf) 
c(M,r/) 6(M,ry) 

V 1 / 

r {fijf) r (1 + i-qu) Rp{u, ri)Rp{ifi — u, 77) 
T{hr] + ir]u) ^J-^ Rp{0,ri)Rp{ih,'r]) 

r {2phr] + i-qu) F (1 + 2pfirj + irju) 
r ((2p + l);i?7 + i'qu) r (1 + (2p - l)nr] + irju) ' 

sh7r?7U —shinrih 



> = cth (^) 

sh7rr/(ii — lAi) \2nJ 



sh7rr/(u — 
and the quantum determinant is 

q-detL(z,77) = iii(z - ih,ri)L22{z,ri) - £12(2: - ih,vi)L 21 {z,vi) 



(5.3) 



(5.4) 



Relations bet ween i+(u) and L^{u) can be obtained by means of the analytical continuations of the 
relations (|5.2| ). 

In terms of the coordinates of the Gauss decomposition 



L+{u) 



1 U{u) 
1 



{k+{u + ih))-^ 

A:+(u) 



1 

e+(w) 1 



(5.5) 



the relations ( p.2| ) read as follows {u = ui — U2): 



e+{ui)f+{u2) - /+(u2)e+(Mi) 
sh7r?7(w + i?i)/i+(Mi)e+('U2) — sh7r77(M — i?i)e_|_(w2)/i+(wi) 



shi-K-q'Ti shiTTrjh- 

— h+{ui) - h+[u2), 



shnrj'u shTrrju 
sh{iTrrih){h+{ui),e+{ui)}, 
shnr/'^u — ih)h+{ui) f+{u2) — shTrri'{u + ifi)f+{u2)h+{ui) = —sh{iTrri'h){h+{ui), /+(ui)}, 

sh7r?7(M + i?i)e_(-(Mi)e+(u2) — sh7r77(u — i?i)e+(u2)e_|_(Mi) = sh(i7r77?i) (e+(Mi)^ + e_|_(it2)^) , 
shnri'iu - ih)J+{ui)f+{u2) - shn-q'iu + ih)f+{u2)f+{ui) = -sh{iTn]'n) {f+{uif + f+{u2f) , 
sh7r?7(u + ih)shT:ri' (u — ih)h^{ui)h^{u2) — /i+(w2)/i+(ui)sh7rry'(w + i?i)sh7r?7(u — ih), (5.6) 



where 



hj^{u) — (u) ^ {u + ih) ^ 
h-j-{u) ~ k-i^ {u + ih) ^ k-f- (u) ^ 



77 sin nrj'h 
rj' sin nrih 



h+(u) . 
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The commutation relations (5.6) should be treated as the relations for the generating integrals e+{u), 
f+{u), h+{u) of elements ba, /a, 'h\. 

The commutation relations for the operator {u) entries can be obtained from ( ^.(^ ) by the analytical 
continuation as it was done in case of the commutation relations (2.18). 

The Hopf structure on An^i/^{5\.2) is defined in a following sense. Consider the family of the algebras 

i/^(s[2) with fixed ?i > and variable ^ = l/r]. Then the operations 



A c = ci 



C2 



1 + 1 c , 



Ai+(u,0 = (M + ic2?i/4,0 ®ii(w-«cin/4,^ + ?ici) 



fc=i 



define a map 



A,i/?(s[2) A,i/«(s[2) ® A,i/(e+?tci)(st2) 



(5.7) 



(5.8) 



which is coassociative and is compatible with the commuta tion r elations (5.2). The coproduct in terms 
of the generating functions /i+(u), e+(u), f+{u) is given in [ KLP j. 



5.2 Classical limit {h — > 0) of the algebra An,ni^i2) 



Let L^{u, T]) ^1 + hC^{u, ri) + o(?i^). It is easy to calculate that 

R{u,r]) = 1 + ?iro(u, 77) + ?i(i7r77Cth7r7]u) id ® id + ?i^ri(u, 77) + o(?i^) 
1 + hro{u, Tj) + h{iTTri cthTTrju) id (g) id + h^r'i{u, if) + o{fi^) 

1 + h'^go{u,T]) + o{Tt?) , 



i?(w, ry') 



where 



ro{u,ri) = -iirr] 



/ Cth TTT^M 



(sh7r?7u)^^ 
\ 





(sh Trr]u)~^ 





cth wr/u J 



is a trigonometric solution to the classical Yang-Baxter equations 

/ 

cth TTTjU 



ri{u,r]) — r[{u,ri) — inrj 







TTjl 



sh 7rr/u 
Q 7r?7H ch 7r?7M 1 

Sh^ TTT/U ~ shTTTyu 

\ 



7r?7M ch 7r?7M 
sh^ 7n]u 



1 



cth 7rr/u 







sh TTTjU 
TTTjU 
Sh^ TTTJU 



and 



P0(U, ?7) = — — cth TTTjU 



TTTjU 
Sh^ TTTjU 



This expression can be found from the integral representation of the factor g{u,Tj). 
We obtain now from (|5.2|) the relation 



[Cl{ui),C^{u2)] ^ [Cl{ui)+C^{u2),ro{ui-U2,Tj)] + 

+ (ri{ui -U2,Tj) -r[{ui ~ U2,Tj))c~ go{ui - 1*2, 77)0 • id ( 



(5.9) 





/ 



.id 



(5.10) 



These commutation relations can be found without calculation of the expansion of the ratio of scalar 
factors g{u,Tj')/ g{u,Tj). The role of the factor goiu^Vj) is to transform the matrix in front of the central 
element to a traceless matrix. This condition fixes the factor g(){u,Tj) uniquely. Using the freedom 



ro(M, Tj) ro{u, Tj) = ro(u, Tj) + n{u) • id (g) id 
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let us make the new r-matrix fo(u, 77) traceless. Then the commutation relations (5.10) can be written 
in the form 



[Cf{ui),CtM] = ['C^(mi) +/:J(m2),''o(wi -"2,7?)] +V 



2 dro(iti -U2,ri) 
dr] 



We will use this observation in last section calculating the classical limit of the quantum elliptic algebra 

Let e±{u), f±{u) and h±[u) be formal integrals of the symbols ca, fx, hx given by the formulas ( 3.10 ) 
with the spectral parameter being a complex number u S C. By the direct verification we can check 
that if the complex number u is inside the strip n"*" then elements e+(u), f+{u), h^{u) belong to 0^(5(2). 
If the complex number u is inside the strip n~ then the elements e_(u), f-{u), h^{u) also belong to 
0^(5(2). Thus we can treat the integrals e±{u), f±{u), h±{u) as generating functions of the elements of 
the algebra 0^(512), analytical in the strips 11*. We can state the following 

Proposition. The commutation relations ( |5.1Q| ) for the Gauss coordinates of the L - operator C^{u,ri) 



h+{u)/2 f+{u) 
e^{u) — /i+(u)/2 



are isomorphic to the commutation relations (2.16) and the generating functions e^{u), f^{u), h^{u) 
satisfy these commutation relations if ex, fx, hx satisfy the relations (3.1). 



In order to prove this proposition we should use the Fourier transform calculations and fix in (5.10) 
either Imui < Imu2 or Imui > Imu2. 

We conclude that the algebra a^(s[2) is a classical limit of the algebra y^ri,?)(s[2)- Simple calculations 
show that for c = the cobracket on 0^(5(2) defined by the usual prescription 



5{x) 



lim 



A{x) - A'(a;) 



(5.11) 



coincides with cobracket ( 2.13| ). 

For c 7^ we have no rights to define a cobracket 5{x) by the prescription (5.11) since we cannot 
identify the tensor components in the image of A. Nevertheless, formal application of the rule ( 5.11 ) 
yields the following result: 



5{e+{u)) = ft,+ (M) A e+(u) + c A 
5{f+{u)) = f+{u)Ah+{u) + cA 



1 de-^-{u) 2de+{u) 



2i du 

1 df+{u) 
2i du 



n 



dr] 

2 df+{u) 
dr] 



(-/, / „ / X P / X 1 1 dh+lu) ^dh<(u) 

S{h+{u)) = 2e+{u) A f+{u) + c A [ - ~ r]^ 



2i du 

which can be also rewritten in Fourier harmonics as follows: 



dr] 



(5.12) 



Sex = 
Sfx = 
5hx = 



A 



dr hr A ex-r (cthr/2?7 + th (A ~ t)/2t]) + th — ca A c 



A 



-f 



A 



dr fx-r A hr (cth T/2r] + th (A - T)/2r/) + - th — /a A c 



2?7 



dr ir A fx-r (thr/27/ + th (A - t)/27]) + - cth 

1 2 



hx Ac 



(5.13) 



6 The Rational Degeneration 

The affine algebras with a bialgebra structure usually appear as classical doubles and thus are factorized 
into a sum of isotropic subalgebras. It is not true for the algebra a°(s[2). Nevertheless, as it follows 
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from the definition of the elements of the algebra a,,(s[2) ( ^.2| ) and the generating functions ( 3.10 ), each 
substrip of the strips defines a subalgebra of the algebra a,,(s[2). It is clear from (3.2) that in terms 



of Fourier components these subalgebras are distinguished by different asymptotics of the functions 5(A), 
g'{X), (?"(A) at A ^ ±00. Let us consider the substrips C 



n+ 



-— < Imu < 
2ry 



< Im M < — 
277 



(6.1) 



and restrict the generating functions e+(u), f^{u), h^{u) onto 11+ and e (u), / (u), h {u) onto 11 
respectively. Let us denote corresponding subalgebras of a,, (512) as a+(s[2) and a"(sl2). 



Fig. 2. 



Then in the limit 77 +0 these subalgebras become isotropic subalgebras of the loop algebra s^, 
the generating functions of these subalgebras will be defined in lower and upper half-planes and their 
expressions via formal generators turns into the Laplace transform (see Fig. 2.). 

In this limit the family Ah,ii{si2) turns into the central extended Yangian double DY{5l2) IK| 
defined in contrast to IK] by means of L-operators L^{u) which are analytical in lower and upper 
half-planes respectively and generated by the continuous family of the formal generators ca, /a, h\ which 
are formal Fourier harmonics of the elements of the L-operators L^{u) |KLP1|. The Lie algebra a,,(s[2) 



turns at this limit into the central extension of s^2-valued rational functions vanishing at 00; subalgebras 
a+(s[2) and a^(s[2) turn into subalgebras of rational functions analytical in lower and upper half-planes 
respectively. 

The elements of the algebra 00(5(2) can be identified with s^-valued distributions 



Q'{zy 



P"{z) 



(6.2) 



where P{z)^ etc. are polynomials such that degP(z) < degQ(z), degP'(z) < degQ'(z) and deg P"(2) < 
deg Q "{z). Subalgebras a^{5[2) and Oq (5(2) are distinguished by the contours in pairing the distributions 
(3.2) and the elements of the space of the basic functions on the complex plane analytical in the lower 
and the upper half-planes respectively and vanishing at the infinity. For the elements of the subalgebra 
a([(s[2) this contour is parallel to the real axis and lies above all zeros of the polynomials Q{z), Q'{z) 
and Q"{z) and vice versa for the subalgebra Oq (0(2). 

The central extention of the algebra a(|(s[2) is defined by the standard cocycle and the commutation 
relations between the generating functions of the elements of the algebra ^{si2) and can be formally 
obtained from the commutation relations (2.18) at the limit 77 — > -|-0: 



[e±(ui),/±(u2)] = 
[h±{ui),h±{u2)] = 



, 



{h±{ui) - h±{u2)) 
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2i 

[h±{ui),e±{u2)] = (e±(u2) - e±(Mi)) , 

Ui — U2 

[h±{u,)J±{u2)] - — ^(/±("2)-/±(wi)) , 

Ui - U2 

i 1 

Ui~U2 (Ui-U2y 

2 

[h±{ui),h^{u2)] = T ^^^ _ ^^^2 ' ^ ' 

2i 

[h±{ui),e^{u2)] = (e=F(u2) - e±(wi)) , 

Ul - U2 

[h±iui),Uiu2)] - — ^(/t("2)-/±(wi)) . 
Ul — U2 

Subalgebras 0^(512) become isotropic and there is a nontrivial pairing between these subalgebras: 

i 2i 
(e+(wi),/_(u2)) = , {h+{ui),h-{u2)) = . 

til - U2 Ui - U2 

The algebra ao(s[2) is a bialgebra with the cobracket: 

c-/ / \N , , / X / \ , 1 de±iu) 

Zi du 

S{f±{u)) = ±/±HA/i±H±lcA%^ , 

zi du 

5{h±{u)) = ±2e±(^)A/±(u)±lcA^^%M . 

Zi au 

The representation (3.10) in the form of the Fourier integrals comes to be the Laplace transform (this 
can be visualized in Fig.l) 

/•OO t^OO pOO 

e±(u) = ± / dX 0(A)eT'^" e^A, f±{u) = ± / dX 9{X)e^'^" /^a, h±{u) = ± / dA ^(A)eT^^" /i^a, 
7o v/o Jo 

so the formal generators e\, f\, h\ at X < form the subalgebra a(}"(s[2) and ex, f\, h\ at X > Q the 
subalgebra ag"(s[2). The map ( |3.13| ) becomes a cobracket now 

/"^ ' X 

Sex = dr (6'(r - A) - 6I(t)) /i^ A ga-t + -sgn(A)eA A c , 



5fx ^ [ dr {e{T - A) - 0(t)) fx-r /\hr + ^sgn(A)/A A c , 

Shx = 2/ dr (0(T-A)-0(r))e,A/A-r + ^sgn(A)/iAAc. 
Jo ^ 

Here 6'(A) is the step function 

{ 1, A>0 
^(A) = <^ 1/2, A = 
[ 0, A<0 

and defines a Lie bialgebra structure on ao(s[2) at arbitrary central element c. This bialgebra is a classical 
double of one of subalgebras aj(s[2). 
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7 The Lie Algebra ap(5[2) 

The structure of the Lie bialgebra a,;(s[2) (at level 0) from section 1 and section 2 can be automatically 
generalized to the elliptic case. Using the Lie algebra of double periodic automorphic functions which 
take values in SI2 | R£ ] one can construct on the half-parallelogram of the periods n (0, 2K, iK', 2K + iK') 
the Lie algebra of sb-valued generalized functions ap{sl2) {p = e'^*'^ = e~'"^ /^). Let us introduce the 
generating functions cr^(w) of the elements of the algebra ap(s[2): 

cr+iu) = aa^ujaiz - u), c7-{u) ^ a+{u- K'), a =1,2, 3, (7.1) 

where ctq are the standard Pauli matrices 



0-1 



1 

1 



cr2 



-i 

1 





-1 



and functions uJa{u) are ratios of elliptic Jacobi functions of modulus k [BE 

1 



wi(w) 



dn (u, k) cn (u, k) 

„„ '-^ sn (u, k) 



sn(u, fc)' ' sn(u, fc) 

Because of the addition theorem for elliptic functions 

the generating functions cr^(u) satisfy the commutation relations: 

[cr^(Mi),cr^(u2)] = 2[iuJa{ui - U2)crf{u2) - iuJbiui - U2)af{ui)] 
[af{ui),a^{u2)] = 2[iuja{ui - U2)crf{u2) - iujb{ui - U2)af{ui)] 

where a, 6, c are cyclic permutations of 1,2,3. The cobracket 

6aa{u) = CTb(u) A ac{u) 

defines on ap(sl2) a Lie bialgebra structure. 

In analogy with the trigonometric case the algebra 0^(512) admits a central extension given by the 
two- CO cycle: 



(7.2) 

(7.3) 
(7.4) 



B{x (g) ip{z), y (g) ipiz)) 



1 
2K 



dz ( dip(z) dip(z) 
-ip{z)-ip{z) 



dr 



dr 



{x,y) 



I an 27ri 

where dH is the boundary of the period's half- parallelogram (0, 2K, iK', 2K + iK'). The cocycle property 
is a consequence of the addition theorem (7^). The values of the cocycle on the generating functions are 



Biatiui),4{u2)) 



Sa,b duJa{ui - U2) 



(7.5) 



K dr 

the values of the cocycle for the other combinations of generating functions one can find applying to 



( [7.5D the automorphic conditions (7.1). The central extended Lie algebra ap(s[2) is defined in terms 
of generating functions subjected to the commutation relations (7.3) together with the relations (7.6) 
instead of trivial ones. 



[<^t{ui),<jt{u2)] = C - B((7±(ui),cr^(u2)), [cr±(ui),cr;f (W2)] = C • S(cr^ (wi), (tJ (^2)) 

It should be mentioned that in terms of Fourier harmonics 



(7.6) 



ITT \ - I p 

f. odd ' 



J2-i:Uu 



1 



£ odd ' 



/2itUu 



(7+(m) 
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the commutation relations ( |7.3| ), ( |7.6| ) become the relations for the generators of central extended loop 
algebra sl2- 

[a^ af] - 2teabc<j'c+' + c ■ B{alai) (7.7) 

with the standard cocycle 

B{<7l,ai) = kSa.bSk,-i- 

But, as well as in the trigonometric case, it is not sufficient to write down the relations ( [7.7[) for the 
description of the Lie algebra 0^(512). One should specify the elements of Op(5[2) to be the series of the 
formal generators with coefficients of the type (|3.2[) and (3.3), which appear after Fourier decomposition 



of the generalized functions from the space ap(s[2). In terms of Fourier harmonics the cobracket (7.4) is 
given by the relations 



E 
E 

i+j = k 

E 



p'' - 1 


(p* + l){p^ 4 


-1) 


/ + 1 




(p^ + l){pi - 


-1) 


/ + 1 





i+j=k 

The central extended algebra Op(s[2) can be written in r-matrix formalism. Let 

3 

r{u) = ^ LOa{u)aa ® (Ja 
a=l 

be an elliptic solution of the classical Yang-Baxter equation and 



(7.i 



(Jj^(m) + 1(72 [u) 



^o-+(u) 



where cr^(u) satisfy the com mut ation relations (O) and (7^). The r-matrix ( |7.8[ ) is traceless and the 
commutation relations (7^) and (7^) can be written in the following form: 



[C+{u^),Ct{u2)] = [C+{u,) + Ct{u2).r{u, - ^.2)] + L±^^^1^J^ . ^ 



(7.9) 



K dr 

This representation allows us to demonstrate that the Lie algebra 0^(5(2) is a classical limit of the quantum 
elliptic algebra Aq^p{5l2) |FIJKMY|. Indeed, in the ^RLU formalism the algebra Aq^p{si2) is defined by 
the relations 

R{v- h, f)L+{ui)L+{u2) = L+{u2)L+{ui)R{v; fi, f*) , (7.10) 
where ?i is a deformation parameter and R{v; ?i, f ) is the Baxter elliptic i?-matrix Q 

p{v) 



I a{v) d{v) \ 

b{v) c{v) 

dv) b{v) 

\ d{v) a{v) ) 



The normalization factor p{v) provides the crossing symmetry and unitarity conditions and 

a(w;?i, f) — sn(?i-|-w), b{v;h,f) = sn(w), 

c{v;h,f) — sn(?i), d{v;h,f) — k sii{h)sii{iv)sn.{h + iv). 



(7.11) 
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In (7.11) sn(a;) — sn{x, k) is Jacobi's elliptic function of modulus k. The modular parameter f = iK' /K 
is defined by the half-periods K and K' and related to k in the standard way. In ( 7.1C| ) f* is the following 
expression: 

T*=f + ahc, (7.12) 

where c is the central element and C-number a depends on the half-period K and modulus k. 

To obtain the commutation relations ( [7.9[ ) from ( 7.10| ) first we have to use the Landen transform 



k' 



1 - k 
1 + fc' 



. h(i + k) , ~, 

C ^ , u = i(l + fc)u 



applied to the matrix elements of the i?-matrix and then the imaginary Jacobi transform which connect 
the elliptic functions of argument m and supplementary modulus k' with those of argument u and modulus 
k (see details in Q). The i?- matrix in this new parametrization reads: 



R{u;C,t) = p(u) 



E 

a=l 



Wa{u)aa ' 



where 



sn(C, k) 
sn{u + C^,k)' 



Wo = 



sn((^, k) dn(u 4- Cj ^) 
sn(w -I- C, k) dn(C, /c) 



sn(C, fc) cn(w -I- C, k) 
sn(u -I- ^, /c) cn(C, k) 



and had been used by E. Sklyanin in |Sk]. Since La nden transform do not affect much the modular 
parameter r the prescription of the central extension ( 7.12 ) will be the same: r* — t + C^cjK. 

After all the transformations the classical limit of the quantum relations ( [Z.lCj ) means that C ^ 0. 
In this limit L+(m) = l-|-C/:+(u) -ho(C2), i?(u;C,T) = [l -h Cr(u, r) C^ri(M, r) + o(C^)] , i?(u;C,r*) = 
[l-f C^(u,T) + C^fi(M,r)-ho(C^)] and 



ri(u, r) — ri (u, r) 



c (ir(u, t) 



so ( |7.9| ) appears as first nontrivial coefficient of the Taylor expansion of (7.1C) with respect to C- Since 
classical r-matrix is traceless the scalar factor p(u) does not contribute into calculation of (7.£) (compare 
with subsection 4.2). 
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Note added in the replaced version 



One can notice that a map 5 given by the relation (5.13), respects the structure of Lie algebra 0^(5(2) 
but does not satisfy (co)Jacoby identity and thus furnish the algebra a,,(s[2) with a structure of quasi 
Lie bialgebra. Moreover, cobracket (5.13) can be also defined via classical r-matrix, described in |3S|, 
[JK0S2[: 



x\ ^ I + 1 ^ xx,r], x — e,f,h, 

/-A ® GA + e-A » A , 1 
aX — 



1 + 

where operator d is a gradation operator 

[d, x\\ = Xx\ for X — i, f,h 



h^\®h\ 1, , , N 



This is in a correspondence with results [ IKOSl j, [ IK0S2 establishing an equivalence of elliptic affine 
algebra with a twisted quantum affine algebra. 
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